Abstract: Let X be an irreducible smooth projective curve of genus g ≥ over C. Let G be a connected reductive a ne algebraic group over C. Let M δ G,Higgs be the moduli space of semistable principal G-Higgs bundles on X of topological type δ ∈ π (G). In this article, we compute the fundamental group and Picard group of M δ G,Higgs .
Introduction
Let X be an irreducible smooth projective curve of genus g ≥ over C. Let G be a connected reductive a ne algebraic group over C. The topological types of holomorphic principal G-bundles on X are parametrized by π (G). Let M δ G be the moduli space of semistable holomorphic principal G-bundles on X of topological type δ ∈ π (G). This is an irreducible normal complex projective variety (generally non-smooth) of dimension (g − ) ⋅ dim(G) + dim(Z(G)), where Z(G) is the center of the group G. Geometry of moduli spaces of bundles over projective curves is an important topic to study in algebraic geometry. Picard group of M δ G was studied in [7] for simply connected semisimple complex a ne algebraic groups. Later A. Beauville, Y. Laszlo and C. Sorger studied the Picard group of M δ G case by case for almost all classical semisimple complex a ne algebraic groups (see [3] ). The case of reductive groups was studied in [1] for moduli stacks. The fundamental group of moduli space (and stack) of G-bundles was studied in [2] . The case of moduli of G-Higgs bundles was open. In this article we study the fundamental group and Picard group of the moduli spaces of semistable G-Higgs bundles over X.
Topological type of a holomorphic principal G-Higgs bundle on X is de ned by the topological type of the underlying principal G-bundle on X. Let M G be the moduli space of semistable principal G-bundles on X of topological type δ ∈ π (G). For any C-scheme Z, we denote by Pic(Z) (resp., π (Z)) the Picard group (resp., fundamental group) of Z.
Assume that either g ≥ , or there is no homomorphism of G onto PSL (C) whenever g = . Then we have the following 
Higgs is simply connected, whenever G is connected and semisimple. Therefore, together with the results of [3, 7] , the above theorem determines Picard group of M δ G,Higgs for essentially all classical semisimple complex a ne algebraic groups.
We further remark that, our method of determining the fundamental group and Picard group generalize to the case of moduli stack of G-Higgs bundles over X.
Preliminaries . Some results on locally trivial brations
Let Z be a smooth quasi-projective variety over C. We rst recall some well-known results related to fundamental groups and Picard groups of vector bundles over Z. Let p ∶ E → Z be a vector bundle of nite rank over Z.
Proof. Let n be the rank of the vector bundle E over Z. Note that the bers of p are a ne n-spaces A n C . We have a short exact sequence of groups
where the second map is given by the restriction of a line bundle to the ber
Since E is Zariski locally trivial over Z, we must have L is trivial on Z.
Lemma 2.2. The natural homomorphism q
Proof. Since the morphism p is locally trivial, we have an exact sequence of homotopy groups
Since the bers A n C are connected and contractible, we conclude that p * is an isomorphism. 
Lemma 2.3. Let ι ∶ U ↪ Z be a Zariski open subset of Z, whose complement has codimension at least in Z.

Then we have isomorphisms Pic(Z)
ι
. Principal G-Higgs bundles
Let Y be an irreducible smooth projective variety over C. Let Ω Y be the sheaf of di erential -forms on Y.
Let G be a connected reductive a ne algebraic group over k. Let g = Lie(G) be the Lie algebra of G. The adjoint action of G on its Lie algebra g is denoted by
The right G-action on E G and the adjoint action of G on g produces a G-action on E G × g de ned by
Then the associated quotient θ) consisting of a principal G-bundle E G on Y and a Higgs eld θ on E G . 
De nition 2.4. A principal G-Higgs bundle (E G
where the second isomorphism is given by Serre duality. 
